The eccentricity (anti-adjacency) matrix ε(G) of a graph G is obtained from the distance matrix by retaining the eccentricities in each row and each column. The ε-eigenvalues of a graph G are those of its eccentricity matrix ε(G), and the eccentricity energy (or the ε-energy) of G is the sum of the absolute values of ε-eigenvalues. In this paper, we establish some bounds for the ε-energy of the complete multipartite graph K n1,n2,...,np of order n = p i=1 n i and characterize the extreme graphs. This partially answers the problem given in Wang et al. (2019) . We finish the paper showing graphs that are not ε-cospectral with the same ε-energy.
Introduction
Throughout this paper, all graphs are assumed to be finite, undirected and without loops or multiple edges. Let G = (V (G); E(G)) be a graph with vertex set V (G) = {v 1 , v 2 , . . . , v n } and edge set E(G). The distance d G (u, v) between two vertices u and v is the minimum length of the paths connecting them. By convention, d G (v, v) = 0. Let D(G) = (d uv ) be the distance matrix of G, where d uv = d G (u, v). The eccentricity ε(u) of the vertex u ∈ V (G) is given by ε(u) = max{d (u, v) : v ∈ V (G)}. The eccentricity matrix ε(G) = (ǫ uv ) of a graph G is defined as follows:
which gives an equivalent definition of the D max -matrix, due to Randić [11] .
The ε-matrix has nice application on Chemical Graph Theory. For more details on this new matrix, we refer the readers to [11, 13, 15] .
Since ε(G) is a symmetric matrix, then eigenvalues of ε(G) are real.
Let ε 1 , ε 2 , . . . , ε k be the distinct ε-eigenvalues. Then the ε-spectrum can be given as
where m i denotes the multiplicity of ε-eigenvalue (i = 1, 2, . . . , n).
It is well-known that the graph energy is one important chemical index in Chemical Graph Theory. It is Gutman [8] who firstly introduced the ordinary energy (or A-energy) of a graph G as follows
where λ i is an A-eigenvalue of G. Analogous graph energies invariants have been defined from the spectra of other graph matrices [3, 4, 6, 12, 7] including the following eccentricity energy E ε (G) (or ε-energy) [14] :
A classical problem involving the energy is to find extremal graphs involving this parameter, that is to find the graph on n vertices with the largest energy. Concerning the eccentricity energy this is essentially an unheard problem. Based on this, Wang et al. [14] proposed the following problem: Given a set S of graphs, find an upper and lower bounds for the ε-energy of graphs in S and characterize the extremal graphs.
To contribute to this problem, our main goal in this paper is given some bounds for the ε-energy of the complete multipartite graph K n 1 ,n 2 ,...,np on n = p i=1 n i vertices and characterize the extreme graphs.
Since that finding not cospectral graphs with the same energy is an interesting problem in spectral graph theory, in this paper we continue this investigation showing graphs that are not ε-cospectral with the same εenergy.
The paper is organized as follows. In Section 2 we describe some known results about the ε-spectrum of graphs. In Section 3 we present the main results of the paper. We finalize this paper, in Section 4, showing graphs with the same ε-energy.
Notations and preliminaries
As usual, let K n−1,1 and K n denote the star and complete graph on n vertices, respectively. A complete split graph CS(p 1 , p 2 ) is a graph on n = p 1 + p 2 vertices of a clique on p 2 vertices and and independent set on the remaining vertices in which each vertex of the clique is adjacent to each vertex of the independent set.
Let M be a partitioned matrix
The following is a well known result on equitable partition of matrices (see, The next result shows a relation between the A-eigenvalues and ε-eigenvalues, according [13] .
Lemma 2 Let G be a connected graph of order n, diameter d = 2 and maximum degree ∆ < n − 1. Then
where G is the complement of G.
We finalize this section presented a result that will be important in the sequence of the article due [9] .
Lemma 3 The graph K n−1,1 is the unique graph, which have maximum distance spectral radius ρ(D(K n−1,1 )) among all graphs with diameter 2.
Main Results
Let n = n i=1 n i with n 1 ≥ n 2 ≥ . . . ≥ n p ≥ 1 and K n 1 ,n 2 ,...,np denotes the complete multipartite graph. In this section, for fixed n, we obtain some bounds for the ε-energy of the complete multipartite graph and characterize the extreme graphs.
Theorem 1 Let G = K n 1 ,n 2 ,...,np be the multipartite graph of order n ≥ 4
with n 1 ≥ n 2 ≥ . . . ≥ n p ≥ 1. Then the ε-eigenvalues of K n 1 ,n 2 ,...,np are:
i. n i − 1 and −2 with multiplicity n i − 1, if n i ≥ 2 (i = 1, 2, . . . , p).
ii. n − 1 and −1 with multiplicity n − 1, if n i = 1 (i = 1, 2, . . . , p).
iii. −2 with multiplicity p 1 − 1, −1 with multiplicity p 2 − 1 and the roots ε 1 , ε 2 of equation
where p 1 = j i=1 n i and p 2 = p i=j+1 n i , if n 1 ≥ n 2 ≥ . . . ≥ n j ≥ 2 and n j+1 = . . . = n p = 1.
Proof: i. If G has n i ≥ 2 (i = 1, 2, . . . , p), by Lemma 2 the ε-eigenvalues are obtained from the eigenvalues of G. Since the complementar is the disjoint union of some complete graphs K n i (i = 1, 2, . . . , p) then follows the item i.
ii. If n i = 1 (i = 1, 2, . . . , p) then the complete multipartite graph is isomorphic to the complete graph K n . In this case, the ε-spectrum coincides with the A-spectrum and the result follows.
iii. Now we assume that the complete multipartite graph has vertices n 1 ≥ n 2 ≥ . . . ≥ n j ≥ 2 and n j+1 = . . . = n p = 1. In this case, the graph is isomorphic to the complete split graph CS(p 1 , p 2 ) where p 1 = j i=1 n i is the set of independent vertices and p 2 = p i=j+1 n i is the set of clique vertices.
We have that the eccentricity matrix of G is
Since the independent set of vertices contributes for the ε-eigenvalue −2 while the clique set of vertices contributes for the ε-eigenvalue −1 ( see, Theorem 2.34 of [1] ) and the given partition of the matrix is equitable, hence from the quotient matrix, we get the characteristic polynomial is the following p(ε) = (ε + 2) p 1 (ε + 1) p 2 q(ε)
where q(ε) is given by equation (5), and the result follows.
Theorem 2 Let G = K n 1 ,n 2 ,...,np be the multipartite graph of order n ≥ 4
and ε 1 (G) denotes the ε-spectral radius. Then
and equality holds if and only if G ∼ = K n−1,1 .
Proof: Let K n−1,1 be the star on n vertices with ε-spectral radius equals (n−2)+ √ n 2 − 3n + 3, obtained from equation (5), and let G be the complete multipartite graph with maximum ε 1 (G). Since in this case, the eccentricity matrix and the distance matrix are the same, by Lemma 3, ε 1 (G) = ρ(D(G)) ≤ ρ(D(K n−1,1 )) = (n − 2) + √ n 2 − 3n + 3.
Before we provide an upper and lower bounds for the ε-energy of complete multipartite graph, we need of the following technical result.
Lemma 4 Let b and c be positive real numbers, and let ε 2 − bε + c have real
Theorem 3 Let G = K n 1 ,n 2 ,...,np be the multipartite graph of order n ≥ 4
with n 1 ≥ n 2 ≥ . . . ≥ n p ≥ 1. Then the ε-energy of G satisfies:
Proof: If G ∼ = K n , by Theorem 1, we have E ε (G) = 2(n − 1), that is, the ε-energy of G satisfies the inequality (7) .
If G = K n 1 ,n 2 ,...,np has n i ≥ 2 (i = 1, 2, . . . , p), by Theorem 1, εeigenvalues of G are 2(n 1 − 1), 2(n 2 − 1), . . . , 2(n p − 1), −2 n , then E ε (G) = 4(n 1 + n 2 + . . . + n p − p) = 4(n − p)
Then the ε-energy decreases when p increases. Hence K 2,2,...,2 has the minimum ε-energy which is equal to 2n, while that K n 1 ,n 2 has the maximum ε-energy equals to 4(n−2). The ε-energy of both graphs satisfy the inequality on left in (7) . For showing the inequality on the right of (7), note E ε (K n 1 ,n 2 ) = 4(n − 2) = 2(n − 2 + n − 2) ≤ 2(n − 2) + 2 n 2 − 3n + 3.
Now, we assume that G ∼ = CS(p 1 , p 2 ) with n = p 1 + p 2 where p 1 = j i=1 n i and p 2 = p i=j+1 n i . By Theorem 1, the spec
where ε 1 and ε 2 are the roots of equation (5) . We assume that G = K n−1,1 , that is p 1 , p 2 ≥ 2. Then consider two cases:
For the inequality on left in (7) , since that ε 1 + ε 2 = 2(p 1 −
For the inequality on right in (7) , by Theorem 2 follows E ε (G) = 2ε 1 < 2(n − 2) + 2 n 2 − 3n + 3.
Case 2: ε 1 ε 2 ≥ 0. By Lemma 4, we have |ε 1 |+|ε 2 | = 2p 1 +p 2 −3. Then the ε-energy of G satisfies E ε (G) = 2(2p 1 + p 2 − 3) = 2(n − 1+ p 1 − 2) ≥ 2(n − 1), with equality if p 1 = 2. For the inequality on right in (7) , by Theorem 2 again follows
then G is the graph that reaches the upper bound in the inequality (7) and the result follows.
Corollary 1 Among all connected complete multipartite graphs K n 1 ,n 2 ,...,np on n vertices, the complete graph K n and the complete split graph CS(2, n − 2) have the minimum ε-energy. Furthermore, the star K n−1,1 has the maximum ε-energy.
ε-equienergetic graphs
Let G be a connected graph with u ∈ V (G). The set of vertices at distance
consists of vertices which are mutually at distance d. In other words, there exists a partition of the vertex set into classes (called the fibres of G) with the property that two distinct vertices are in the same class iff they are at distance d. If all the fibres have the same cardinality, say a, we say that G is an a-antipodal graph [15] . Obviously, the regular complete multipartite graph K a,a,...,a is an a-antipodal graph.
Recall that the strong product G ⊠ H of two graphs G = (V, E) and H = (W, F ) is the graph with set vertex V × W for which (v 1 , w 1 ) and
(v 2 , w 2 ) are adjacent if and only if v 1 = v 2 and w 1 = w 2 or v i w i ∈ E(G i ) for i = 1, 2, according [5] .
The following is a known result about the ε-spectrum of the strong product (see, [14] ). Theorem 5 Let K n,n,n,n and K n,n be two n-antipodal graphs of order 4n and 2n, respectively. Then K n,n ⊠ K 2 and K n,n,n,n are not ε-cospectral and ε-equienergetic graphs.
Proof: Obviously, K n,n ⊠ K 2 and K n,n,n,n are not ε-cospectral, since that 0 ∈ Spec ε (K n,n ⊠K 2 ) while that 0 / ∈ Spec ε (K n,n,n,n ). By direct computation, we have that E ε (k n,n ⊠ K 2 ) = 2mnd( a−1 a ) = 2(2n)(4) n−1 n = 16(n − 1) = 4(4n − 4) = E ε (K n,n,n,n ).
Note that from equation (8), it is easy to see that two non isomorphic complete multipartite graphs of order n with same parity p are not ε-cospectral and ε-equienergetic graphs. Using the Theorem 5 follows.
Corollary 2
The graphs K n,n ⊠ K 2 and K n+i,n,n,n−i are not ε-cospectral and ε-equienergetic graphs, for i = 1, 2, . . . , n − 2 and n ≥ 4.
